
POWER DISSIPATION AND KINETIC RELATIONS 

ON VELOCITY-DISCONTINUITY SURFACES 

IN COMPRESSIBLE RIGID-PLASTIC MATERIAL 
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Wave surfaces  of strong velocity discontinuity are  considered in an isotropic compress ible  r ig id-  
plast ic mater ia l .  

For  associated laws of plast ic flow [1, 2] formulas  are  derived for power dissipation; continuity is 
proved of the components of the s t r e s s  tensor  andbounds are  established for velocity discontinuities on 
those surfaces .  

The obtained formulas  are  applied when extrusion is considered of a compress ib le  mater ia l  f rom a 
container through a smooth wedge-like unit. 

1. A three-dimensional  r ig id-plas t ic  body is considered with plastici ty condition given by 

Si~S~j = 2k 2 ( s~  = ~ j  --  !/3%~8~j) (1.1) 

where ~ij is the s t r e ss  tensor,  Sij is the s t r e s s - t e n s o r  deviator, k is the physical constant of the mater ia l ,  
6ij is the Kronecker  symbol. It  is  assumed that for  the mater ia l  under consideration the following function 
exists:  

e = ~ (~) (e = 1/3%~, ~ = 1/~%~) (1.2) 

In the above eij are  the components of the deformation tensor.  

It  follows from the general ized Mises theorem [1] that 

eij' ~ )~Sij (~ = H / 2k, e. .' 

where eli is the tensor of the deformation rate,  eij '  is  the deviator of the deformat ion-ra te  tensor ,  H = 
t y I/2 (2~ij ~ij I is the intensity of the disPlacement deformation rates .  

The rate e of volume change appearing in the physical  equations (1.3) is found by differentiating the 
function (1.2) with respec t  to time, that is, 

d(p do 
8 = d'--~, d'-/- (1.4) 

2. It  is  assumed by us that the mater ia l  with proper t ies  described above has a surface Z given by 
equat ionf(xi ,  t)= 0 on which the displacement ra tes  vi suffer discontinuity. 

Let us denote by v 0 the component of the displacement rate of the surface ~ in the direction of its 
outer normal  n and by Vn the project io n of the velocity vector  of par t ic les  of the medium on that normal.  

Since s tat ionary discontinuities in velocity are  inconsistent with the continuity assumption of the me-  
dium, it is assumed that Vn~ v 0. It is supposed that the mater ia l  moves ac ross  the surface E with velocity 

v n > v 0 �9 

It  is known [3] that on the surface ~ the deformation ra tes  sat isfy the relat ions 

e~j = $ ([vi] nj ~- [vj] nl) (2.1) 
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Fig .  1 

In the  above  r i s  a p r o p o r t i o n a l i t y  m u l t i p l i e r ,  [vi] = v F  - v  i -  i s  the  
d i f f e r e n c e  be tween  the  v a l u e s  of v e l o c i t y  t aken  on each  s ide  of  the s u r -  
f a ce  E, n i a r e  the  p r o j e c t i o n s  of t h e  uni t  v e c t o r  of the  n o r m a l  to tha t  s u r -  
f ace  on the r e c t a n g u l a r  C a r t e s i a n  c o o r d i n a t e  a x e s  x i- 

A l o c a l  s y s t e m  of  c o o r d i n a t e s  (x, y, z) i s  i n t r o d u c e d  a t  any  po in t  
of  the  s u r f a c e  Z (F ig .  1) in such  a way  tha t  the  n o r m a l  n i s  d i r e c t e d  a long  
the  z ax i s .  

One then ob ta in s  fo r  the d i r e c t i o n  c o s i n e s  

n ~ = n y = 0 : ,  n ~ = t  

I t  f o l l ows  f r o m  t h e  r e l a t i o n s  (1.4)3 (2.1) and  (2.2) tha t  

s ~  = s~y = 8yy = 0, s ~  = ~ lye] 4= 0 

(2.2) 

(2.3) 

By+ = + [v+] =/= 0, ~++ = 2+ [v+l 9= 0 

Hence  i t  fo l lows  tha t  in a c o m p r e s s i b l e  m a t e r i a l  s ide  by s i de  wi th  d i s c o n t i n u i t i e s  in  the  v e l o c i t y  c o m -  
ponen t s  wh ich  a r e  t a n g e n t i a l  to the  s u r f a c e  y., a d i s c o n t i n u i t y  m a y  a l s o  o c c u r  in i t s  n o r m a l  componen t .  

L e t  us  a s s u m e  tha t  on the  s u r f a c e  Z t h e r e  i s  a d i s c o n t i n u i t y  of s t r e s s  ~ij" 

The  con t ac t i ng  s t r e s s e s  m u s t  be con t inuous  on the s u r f a c e ,  t ha t  i s ,  

In  the  l o c a l  c o o r d i n a t e  s y s t e m  (2.2) the  r e l a t i o n s  (2.4) b e c o m e  the e q u a l i t i e s  

[ ~ J  = [%~1 = [ % 1  = 0 

I t  fo l lows  f r o m  the r e l a t i o n s  (2.3) and  (2.5) tha t  on the  s u r f a c e  Z one has  

(2.4) 

(2.5) 

[aijl8+j - -  0 (2.6) 

F o r  the  f lu id i ty  cond i t i on  (1.1) i t  fo l lows  f r o m  the m a x i m u m  p r i n c i p l e  of d i s s i p a t i o n  r a t e  of m e c h a n -  
i c a l  e n e r g y  t ha t  

[alj] e+j ~ 0 (2.7) 

C o m p a r i n g  (2.6) and  (2.7) one can s e e  tha t  on the s u r f a c e  E t h e r e  i s  the  e q u a l i t y  

[a+fl = 0 

The  l a t t e r  i n d i c a t e s  tha t  fo r  convex  f l u id i t y  cond i t i ons  on the s u r f a c e  of  v e l o c i t y  d i s c o n t i n u i t y  the  
s t r e s s e s  a r e  con t inuous  in a c o m p r e s s i b l e  m a t e r i a l .  

The  p o w e r  d i s s i p a t i o n  fo r  a thin t r a n s i t i o n  l a y e r  in  which  the v e l o c i t i e s  v i su f fe r  r a p i d  though c o n -  
t inuous  c h a n g e s  i s  g iven  by 

ha 

D = ~oijsijdo) = I I giJsiJdz dY, (2.8) 
E --hi 

w h e r e  w deno t e s  the  v o l u m e  of the  i n f i n i t e l y  th in  l a y e r .  

S ince  the  s t r e s s e s  crij a r e  con t inuous  on the s u r f a c e  Y., the  h y d r o s t a t i c  p r e s s u r e  i s  a l s o  con t inuous  
on Z, and  c o n s e q u e n t l y  i t  i s  c o n s t a n t  a c r o s s  the  l a y e r  t h i c k n e s s .  

Us ing  the l a t t e r  a s  we l l  a s  the  r e l a t i o n s  (1.1) and  (1.2) one f inds  f r o m  the f o r m u l a  (2.8) t ha t  

h~ h~ 

2~ --hi ~ - -hi  

I t  i s  known [4] tha t  the  d e f o r m a t i o n  p r o c e s s  in  m a n y  c a s e s  can be d e s c r i b e d  by 
Ovy ov x 

( v ~ -  v,+-) ~ = (v~ - v+,-) ' -aZ 

Ov z av~ 
(v v - -  v~-) ~ = ( v ~ -  v~-) ~ (2.10) 

av x av 

739 



Solving the above th ree  di f ferent ia l  equat ions  (2.10) fo r  the unknown funct ions  Vx, Vy, v z one finds 

vx = C "4- u (z), v~ = C 1 4- C~• (z), v z = C 3 "4- Clx (z) (2.11) 

where  the cons tan t s  C, Ci,  C a a r e  given a s  follows: 

C = v=-, C1 = vy-, C3 = vz- 

The condi t ions  on the boundar ies  of the l a y e r  a r e  given by the equal i t ies  

u (-- hi) = 0, x (h=) = Iv=l, C~• (h2) = Ivy], C,• (h~) = Iv,] ( 2 . 1 2 )  

By using the r e l a t i ons  (2.3), (2.11) and (2.12) a f o rmu la  is obtained f r o m  (2.9) for  power  d iss ipa t ion  
on the su r f ace  of  ve loc i ty  d iscont inui ty  in a c o m p r e s s i b l e  r i g i d - p l a s t i c  m a t e r i a l :  

D -- ~ {3 (v2 - -  v~-)~ + 3 (v~ § - -  v~-) ~ 4- 4 (vz + -  v,-),}'/,e:~ 4- ~ [vzl 4!; (2.13) 

3. A d e f o r m a b l e  m a t e r i a l  is c o n s i d e r e d  whose  l imi t  s tate  i s  given by 

S~jSi~ = 2 (k - -  O~) ~ (~ ~< k / o) (3.1) 

In  the above 0 is  the p h y s i c a l - m e c h a n i c a l  cons tan t  of the m a t e r i a l .  

The a s s o c i a t e d  law of  p l a s t i c  flow is  a s s u m e d  to be of the f o r m  [2] 

si~ = iV (06~j 4- Sr / 2 ] / - S i ~ )  (~' = u162 / (302 § ~h)) (3.2) 

Employ ing  the r e l a t ions  (2.8), (3.1), and (3.2) one can r e p r e s e n t  the power  d i ss ipa t ion  for  a thin t r a n -  
si t ion l aye r  on the su r f ace  Z by the e x p r e s s i o n  

hs 
k i ~h(sijs~j),/,dzd Z (3.3) D (30 ~ 4- ]/~)'/~ 

F r o m  the l a s t  e xp re s s i on ,  using (2.3), (2.11) and (2.12), one obta ins  

D---- k ! (602 + t ) v ,  {(v:r - -  v :J )~  4 -  (vu+ - -  vv-) '~ 4 -  2 (vz + - -  vz-)~}'/'dY. ( 3 . 4 )  

The f o r m u l a s  (2.13) and (3.4) a r e  a gene ra l i za t ion  of the f a m i l a r  e x p r e s s i o n s  [5, 6] for  power  d i s s i -  
pat ion on s u r f a c e s  of ve loc i ty  d iscont inui ty  to the ca se s  of  de fo rmab le  c o m p r e s s i b l e  m a t e r i a l s .  

I t  i s  noted  that  the f o r m u l a s  (2.13) and (3.4) w e r e  obtained for  two types  of  p las t i c  c o m p r e s s i b i l i t y  of 
the m a t e r i a l  of  quite a d i f fe ren t  type.  

The c o m p r e s s i b i l i t y  which a p p e a r s  in the de r iva t ion  of the f o r m u l a  (2.13) i s  ful ly  d e t e r m i n e d  by e x -  
p e r i m e n t s  on even,  un i fo rm c o m p r e s s i o n .  The c o m p r e s s i b i l i t y  used  in the de r iva t ion  of  the f o r m u l a  (3.4) 
i s  r e l a t ed  bas i ca l ly  to the de fo rmat ion  of the m a t e r i a l  and cannot  be obtained f r o m  the e x p e r i m e n t s  on 
even,  un i fo rm c o m p r e s s i o n .  

In the case  of  p l a n a r l y  de fo rmab le  c o m p r e s s i b l e  m a t e r i a l  the p l a s t i c i ty  condit ion (3.1) a s s u m e s  the 
f o r m  [2] 

/ = 1/~ (~11 4- ~22) sin q)O 4- ]/(~11 -- ~2) 2 / 4 4- ~1~ ~ -- c ~ cos q)o = 0 
c _ ,~ = si ,~o 30 [ j  - t2o2 ,~,/,'~ (3.5) 

(~--~20~)'/' ' (l--3O~)V~ ' c o s ~ ~  i--30 ~) J 

t f  one a s s u m e s  that  the re  ex i s t s  in the m a t e r i a l  a cu rve  L of  ve loc i ty  d iscont inui ty  then using (3.2) 
and (3.5) the power  d iss ipa t ion  for  a thin t r ans i t i on  l a y e r  on the cu rve  L can be given by 

= c ~176 l',~ ~ (3.6) 
D (i 4- sin ~ q)~ t (z'Sxx 4- 2eY'~ q- 4Sxu~)V' dS 

In  the above S denotes  the a r e a  of  the inf ini te ly  thin l aye r .  

By extending our  de r iva t ion  of  the f o r m u l a s  (2.13) and (3.4) to the case  of p t a n a r l y  de fo rmab le  m a -  
t e r i a l  an e x p r e s s i o n  is  obta ined f r o m  the fo rmu la  (3.6) for  power  d iss ipa t ion  on the d iscont inui ty  cu rve  L: 

tO.cos q)o ~ (3.7) 
D = "(i 4- s i n  2 ~o),1, ~ {(v.~ + - -  vx-) ~ 4- 2 (v~ + -- v~-)~}~/'dL 
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4. Following [71 the relat ions will be established on the surface of 
velocity discontinuity which form constra ints  on the possible discontinuities 
of the velocity vector  ar is ing in a flow of par t ic les  of a compress ib le  m a -  
ter ia l  ac ros s  the surface ~. 

To this end, the relat ions (2.1) are  multiplied by nj. Then one finds 

[v~} : e~n~ - -  ~ [v~]n~n~ (4.1) 

Substituting the value of the difference [v i] f rom (4.1) into the relat ions 
(2.1) and bearing in mind that the mater ia l  is compress ib le  one finds 

e~ : e~n~n~ + e~n~n~ - -  e~n~nj (4.2) 

Let x i =xi(ta)(i  = 1, 2, 3) be pa ramet r i c  equations of the surface Z and t a ( a  = 1, 2) the curvi l inear  co-  
ordinates on that surface.  Then the part ia l  derivat ives of the velocity v i with r e spec t  to the coordinates xj 
can be writ ten as  [8] 

~ dvl Yr. Oo i Oxj 
Ox~ =-3~n ~ +  g ~  Ot~ Ot~ (4.3) 

where dv i /dn  is the derivative of the velocity vi along the normal  n to the surface Z, and gaf f  (a,  fl = 1, 2) is 
the eontravar iant  met r ic  tenser  of the surface Y, 

Substituting the values of the part ial  derivat ives Dvi/Ox j in (4.3) into the Cauchy relat ions 

e i j =  1/2 (vi,j + %0 
one obtains 

t ( ~  ~j ) I g~10~ i % % ~x~ 
~" = ~-  ~-a~-. nj + - ~ -  ~ + - ~  [ o- /TW + ~ o-V~; (4.4) 

Comparing in the latter express ions  the subscr ipts  i and j one finds 

dv i g ~  Ov~ Ox i (4.5) 
ni = %k - -  Ot~ Ot~ 

Using the relat ions (4.4) and (4.5) one obtains for the derivative dv i /dn  the express ion 

gv~ g~(OvJ Ozj 0% Ozi ) (4.6) 
dn -~ 2si~n~ -]- \Ot  ~ ni Ot~ Ot~ n~ - -  e ~ n  i 

The values of dv i /dn  f rom (4.6) a re  now inser ted  into the relat ions (4.4). 

Then using the relat ions (4.2) and after  some t ransformat ions  one obtains a sys tem of differential 
equations which must  be satisfied by the components of the velocity vec tor  on the surface Z: 

{ Ov~ ozj ovj Ox, I o~ 
g ~  \ ot \ ~y~nj  + - ~ n i /  (4.7) 

The relations (4.7) are multiplied by 0Xi/0tT, 0xj/Otff. 

Then using the familiar identity [8] 

gx i Oxj 
g ~  Ot~ at~ = 6~j-- n~nj 

one obtains on the surface  Z three independent relat ions which at the discontinuities are  of the form 

0 [vf] Oz~ O [vj] Oxj 
Ot~ Ot~ q Ot~ Ota - -  0 (4.8) 

The re la t ions  (4.8) r ep resen t  const ra ints  on the possible changes in the discontinuities of the com-  
ponents of the veloci ty  vector  of the displacement  on the surface Z. 

5. As an example of the application of the obtained relat ions (3.7) and (4.8) we consider  a setting 
p roces s  of extrusion of a compress ib le  r ig id-p las t ic  mater ia l  f rom a container through a smooth wedge- 
like unit (Fig. 2). 
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C o n s i d e r i n g  the l i n e s  l 1 and 12 a s  l i n e s  of v e l o c i t y  d i s c o n t i n u i t i e s  i t  i s  a s s u m e d  tha t  in thin t r a n s i t i o n  
l a y e r s  w h i c h r e p r e s e n t  the  d i s c o n t i n u i t y  l i n e s  l 1 and  4 the  m a t e r i a l  u n d e r g o e s  du r ing  i t s  p l a s t i c  f low an i n -  
t e n s i v e  change  of  vo lume  and having  p a s s e d  t h e s e  l i n e s  i t  m o v e s  l i ke  a r i g i d  body in the  r e g i o n s  II  and  ]II.  

I t  i s  a l s o  a s s u m e d  tha t  the  m a t e r i a l  does  no t  su f fe r  any  p l a s t i c  d e f o r m a t i o n  in the  r e g i o n  I. 

In  a c c o r d a n c e  with  our  a s s u m p t i o n s  a k i n e m a t i c a l l y  a d m i s s i b l e  v e l o c i t y  f i e ld  i s  s e l e c t e d  in the  r e -  
g ions  I ,  I I  and  I I I  r e s p e c t i v e l y  of the  f o r m  

vi = ai, vn = 0 ;  v i = a~cosT, v~ = - - a 2 s i n T ;  v i = a a ,  v~----0 (5.1) 

tn  the  above  a 1 i s  the  r a t e  of  m a t e r i a l  supp ly  a t  the  d e f o r m a t i o n  c e n t e r .  

Since  the  m a t e r i a l  f lows f r o m  the r e g i o n  I to the  r e g i o n  II and  f r o m  the r e g i o n  II  to  the  r e g i o n  I l I  we 
d e t e r m i n e  the p o w e r  d i s s i p a t i o n  on the  d i s c o n t i n u i t y  l i n e s  l 1 and 12. 

To th i s  end  we denote  on the l i n e s  l 1 and  l 2 the  n o r m a l  v e l o c i t y  c o m p o n e n t  by Vn and the  t a nge n t i a l  by 

vt. 

are 

On the d i s c o n t i n u i t y  l ine  l 1 the  j u m p  d i f f e r e n c e s  fo r  the  n o r m a l  and t a nge n t i a l  v e l o c i t y  c o m p o n e n t s  

lye] - -  {(a2 cos 7 - -  ai) tg a - -  as sin 7} cos 
[v~] = ( ( a s  cos 7 - -  al) ctg a ~- as sin 7} sin a 

By  i n s e r t i n g  (5.2) in to  the  f o r m u l a  (3.7) and  by i n t e g r a t i n g  one ob ta in s  the  p o w e r  d i s s i p a t i o n  on the 

(5.2) 

l I l i ne :  

Ho c~ ~ ~ ([(as cos 7 _  ai) ctg ~ ~ as sin 7]~ sinn ~ _~. 
D1 = s i n s  (t -~-'siIl2q)~ '/ '  

~- 2 [(as cos 7 - -  ai) tg a - -  a n sin 7] cos~ a}'/ ,  

F o r  the  t angen t i a l  and  n o r m a l  v e l o c i t y  c o m p o n e n t s  on the  d i s c o n t i n u i t y  l ine  l 2 one h a s  

[v=] = {(as cos 7 - -  an) tg ~ -~ a2 sin 7} cos 
[vt] = {(an - -  as cos 7) ctg ~ + as sin 7} sin 

Subs t i tu t ing  the c o r r e s p o n d i n g  v a l u e s  of  (5.4) in to  (3.7) and  i n t e g r a t i n g  one f inds  

h c ~ COS ~o 
Dn = sin ~ (l + sin ~ r176 {[(as-- a~ cos 7) ctg ~ -4- as sin 7] s sin s ~ ~- 

~- 2 [(as cos 7 - -  an) tg ~ -4- as sin 7] ~ cosS ~} '/" 

(5.3) 

(5.4) 

(5.5) 

By s e t t i n g  the  o r i g i n  of the  C a r t e s i a n  c o o r d i n a t e  s y s t e m  x l0x  2 a t  the  p o i n t  M one ob t a in s  p a r a m e t r i c  

equa t i ons  of  the  d i s c o n t i n u i t y  l i n e s  l 1 and  lz, r e s p e c t i v e l y :  

x l  = k i t ,  x~ --- k~t;  x i = k3 t ,  x2 = k~t  (5.6) 

In the  above  t i s  an  a r b i t r a r y  p a r a m e t e r ,  k i n ( m =  1, 2, 3, 4) a r e  c o n s t a n t s  which  s a t i s f y  the cond i t ions  

k i / k 2  = - - t g ~ , k  3 / k ~ = t g ~  (5.7) 

The  k i n e m a t i c  r e l a t i o n s  (4.8) t o g e t h e r  wi th  (5.6) and  (5.7) t ake  the  f o r m  

[v i ] -  [v n ] t g c c - -  bl, [v i ] - ~  [v s ] t g ~  = bs (5.8) 

To d e t e r m i n e  the a r b i t r a r y  c o n s t a n t s  b 1 and b z one u s e s  the obv ious  condi t ion  which  fo l lows  f r o m  the 
s y m m e t r y  of the  p r o b l e m  and which  i m p o s e s  c o n s t r a i n t s  on the  v e l o c i t y  d i s c o n t i n u i t i e s  a t  the  po in t  M: 

[v 1] = a a - - a i ,  [v s] = 0  (5.9) 

F r o m  (5.9) one ob ta ins  

bi = b2 = a3 - -  al (5.10) 

Us ing  the r e l a t i o n s  (5.1),  (5.8) and  (5.10) one f inds  
as = a i / (cos y - -  sin 7 tg ~) (5.11) 

aa = al.  (cos 7 -4- sin y tg cr / (cos ~ - -  sin ~ tg ~) 
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I f  one d i s r e g a r d s  f r i c t ion  on the con ta ine r  wal l s ,  then in view of  the fac t  that  the power  of the ex te rna l  
and in te rna l  f o r c e s  is the s ame ,  one finds 

Pa I = 2 (Dz -}- D~) (5.12) 

where  P is  the ex t rus ion  fo rce .  

Using the r e l a t i ons  (5.3), (5.5) and (5.11) one d e t e r m i n e s  f r o m  (5.12) the magni tude  of the ex t rus ion  
fo rce :  

p = 2 C ~ cos (p~ 
(t 7}- sin= ~~ (ctg ~" ~- tg [3) [H0 [ (t - -  tg ~ c~g a) = -~ 2 (tg 2 ~ ~- ctg ~ a)]'/, -}- 

+ h [(tg a ctg ~ - -  i) ~ ~- 2 (ctg 2 B ~- tg ~ a)]'/2} (5.13) 

F r o m  g e o m e t r i c a l  c o n s i d e r a t i o n s  (Fig.  2) i t  is  not  diff icult  to obtain tha t  

H0 -- h . h c tga = ~ c ~ g  T - -  ~ c t g  ~ (5.14) 

The r e l a t i o n  (5.14) can  be e m p l o y e d  to e l imina te  the angle ~ f r o m  the f o r m u l a  (5.13) and to use the 
m i n i m u m  ex t ru s ion  f o r c e  to d e t e r m i n e  the angle ft. 
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